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Abstract
We construct the Dirichlet forms and the associated diffusion processes on the conﬁguration
space of particles moving on the Euclidean space Rd ; for which certain fermion random point
ﬁelds are invariant.
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1. Introduction
The purpose of this paper is to construct the Dirichlet forms and the associated
diffusion processes on the conﬁguration space of particles on the continuum spaces
for which some fermion random point ﬁelds (FRPF’s hereafter) are invariant.
FRPF’s are probability measures on the conﬁguration space of particles moving
on the discrete or continuum spaces whose correlation functions ðrnÞnX1 are given by
rnðx1;y; xnÞ ¼ detðKðxi; xjÞÞ1pi;jpn; ð1:1Þ
where Kð; Þ is the integral kernel function of an integral operator K in L2ðXÞ: Here
X denotes the basic space on which particles move. Typical examples are X ¼ Zd for
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discrete models and X ¼ Rd for continuum models. In this paper, we will exclusively
consider the continuum model for X ¼ Rd : FRPF’s are investigated from various
view points. We refer to Refs. [3,4,8,11,12,14,21,22,26,28, and references therein] for
more details. Among others, from the physical point of view, it is also worthy to
investigate whether FRPF’s are Gibbs measures for suitable interactions or not. It is
shown that under certain conditions the FRPF’s are really Gibbs measures. We refer
to [22] for discrete models (see also [23]) and [8,28] for continuum models. The
interactions are determined by determinants of the matrices whose components are
given by the kernel functions of some integral operators. To say more concretely for
the continuum model, let J be a bounded, positive deﬁnite integral operator on
L2ðRdÞ with its kernel function Jðx; yÞ; x; yARd ; given by
Jðx; yÞ ¼ jðx  yÞ; ð1:2Þ
where jðÞ is a bounded and continuous function on Rd : We deﬁne the potential
energy U ðJÞðx1;y; xnÞ of n particles located at x1;y; xnARd by
U ðJÞðx1;y; xnÞ :¼ log detð jðxi  xjÞÞ1pi;jpn: ð1:3Þ
In [28] the Gibbsian speciﬁcation for the interaction was constructed. Moreover, it
has been shown that if jðÞ is of ﬁnite range in the sense that jðxÞ ¼ 0 if jxjXR for
some constant R40; and for dX2 if the intensity jð0Þ is sufﬁciently small, then the
FRPF corresponding to the operator JðI þ JÞ1; which we denote by mðJÞ; is a Gibbs
measure for the speciﬁcation [8,28].
Investigation of suitable dynamics for the particle systems leaving the FRPF’s
invariant should be also interesting. The Glauber dynamics for the discrete model
was studied in [23]. Imposing some conditions on the operator K which generates the
FRPF under consideration, there we have shown the existence of the dynamics, i.e.,
the construction of the Markov semigroup for the spin-ﬂip dynamics for which the
FRPF corresponding to the operator K is invariant. Further properties such as the
ergodicity, uniqueness, and log-Sobolev inequality have been also shown. In this
paper we will construct the Dirichlet forms and the associated diffusion processes
with state space of particle conﬁgurations on Rd such that certain FRPF’s are
invariant for the processes. Diffusion processes with interactions have been
constructed in several articles [1,2,5,9,10,15,29]. The interactions in those models
may have singularities, but the most typical examples to which the methods for the
construction developed in the literature can be successively applied are the
superstable two-body interactions introduced by Ruelle [18,19]. So this paper may
serve as giving more examples. There is an exceptional model so called Dyson’s
model [27], the equilibrium measure of which is a FRPF corresponding to an
operator of sine kernel. Spohn constructed the appropriate Markov semigroup for
the model [27] and Osada constructed the associated diffusion process [15]. The
Dyson’s model, however, is out of the regime that is dealt with in this paper.
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Let us brieﬂy sketch the contents of this paper. In order to construct the dynamics
we will follow the Dirichlet form approach [7,13]. Let J be a bounded integral
operator on L2ðRdÞ as above so that the FRPF mðJÞ is a Gibbs measure for the
interaction potential given by (1.3). We consider the canonical Dirichlet forms on the
space G of locally ﬁnite particle conﬁgurations. For F ; GAFCNb ðD;GÞ (see (3.2) for
the deﬁnition) we deﬁne
EmðJÞ ðF ; GÞ :¼
1
2
Z
/rGFðxÞ;rGGðxÞSTxðGÞ dmðJÞðxÞ
¼ 1
2
Z X
xAx
/DxFðxÞ; DxGðxÞSRd dmðJÞðxÞ; ð1:4Þ
where rG is the intrinsic gradient on G and TxðGÞ is the ‘‘tangent’’ space to G at xAG
[1] and DxF is the ‘‘partial derivative’’ of F w.r.t. the x-variable. We will show that
the pre-Dirichlet form EmðJÞ above is closable in L
2ðG; mðJÞÞ: Then by naturally
considering the form as one in L2ðN; mðJÞÞ; where N is the space of all integer-
valued Radon measures on Rd equipped with a vague topology (in particularN is a
closed space), we show that the closure ðEmðJÞ ; DðEmðJÞ ÞÞ of ðEmðJÞ ;FCNb ðD;GÞÞ is a
local, quasi-regular Dirichlet form, and hence there corresponds a diffusion process
by the result developed in [13]. Here we stress that we do not pursue to study any
detailed properties of the generator of the corresponding Markov semigroup, such as
essential self-adjointness of the generator nor try to investigate the solvability of the
proper stochastic differential equations. In Remark 4.5, however, we consider the
Dirichlet operator and the drift term of the diffusion in an informal level. The proof
of the closability will follow the method developed by Osada [15]. We ﬁrst deﬁne
local pre-Dirichlet forms with frozen boundary conditions. We prove the closability
of those forms and then use Simon’s monotone convergence theorem for forms [25].
Meanwhile, the Gibbsianness of the FRPF mðJÞ will play a crucial role. The way of
the proof of the quasi regularity is adopted from [29] with a suitable change of
probability estimates. For completeness we provide with it in the appendix.
This paper is organized as follows: In Section 2, we shortly introduce the
determinantal potentials and Gibbsianness of certain FRPF’s. In Section 3, we
deﬁne the pre-Dirichlet form (1.4) and state the main result (Theorem 3.1). Section 4
is devoted to the proof of closability. The quasi-regularity is shown in the appendix.
2. Preliminaries and main results
2.1. Configuration space
We consider a system of particles moving on the d-dimensional Euclidean space
Rd : By G we denote the space of all locally ﬁnite subsets (conﬁgurations) in Rd ; i.e.,
G :¼ fxCRd : jx-LjoN for any compact LCRdg: ð2:1Þ
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Here j  j denotes the cardinality of a set inside. For any bounded Borel subset
LCRd ; let NL : G-Zþ :¼ N,f0g be the function deﬁned by
NLðxÞ :¼ jx-Lj; xAG: ð2:2Þ
For each Borel subset DCRd ; let FD be the smallest s-algebra on G such that the
functions NL are measurable for all bounded Borel subsets LCD: We write simplyF
for FRd : We also consider each conﬁguration xAG as a positive integer-valued
Radon measure on BðRdÞ; the Borel s-algebra on Rd ; by a mapping
G{x/
X
xAx
dxAMðRdÞ; ð2:3Þ
where dx denotes the Dirac measure at xARd and MðRdÞ is the set of all positive
Radon measures on BðRdÞ equipped with a vague topology. Thereby, we have the
weakest topology on G such that all maps
G{x//f ; xS :¼
X
xAx
f ðxÞ; fAC0ðRdÞ ð2:4Þ
are continuous. Here C0ðRdÞ denotes the set of all continuous functions on Rd with
compact support. We notice that the s-algebraF is the same as the Borel s-algebra
of the topology [6,20]. For a later use we deﬁne the restrictions on the conﬁguration
space G as follows. For each Borel subset LCRd ; let rL :G-G be the mapping
rLðxÞðÞ  xLðÞ :¼ xð-LÞ: ð2:5Þ
We let
GL :¼ rLðGÞ: ð2:6Þ
In the sequel by LCCRd we mean that L is a bounded Borel subset of Rd :
2.2. Determinantal potentials and Gibbs measures thereof
In this subsection we introduce the determinantal potentials for the particle
system. The potential energy of the particles are determined via the integral kernel
function of some positive deﬁnite integral operators on L2ðRdÞ: Throughout this
paper, we consider positive deﬁnite integral operators J on L2ðRdÞ satisfying the
following conditions.
Assumption 2.1. J is a bounded, positive deﬁnite integral operator on L2ðRdÞ with
integral kernel function Jðx; yÞ deﬁned by
Jðx; yÞ ¼ jðx  yÞ; x; yARd ; ð2:7Þ
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where jðÞ is a Fourier transform of a ﬁnite measure rðtÞ dt on ðRd ;BðRdÞÞ:
jðxÞ :¼ ð2pÞd=2
Z
Rd
eixtrðtÞ dt: ð2:8Þ
Let J be an operator satisfying the conditions in Assumption 2.1. For each nX0 and
x1;y; xnARd ; we deﬁne the potential energy U ðJÞðx1;y; xnÞ of n particles located at
x1;y; xn by Eq. (1.3). Since the matrix ð jðxi  xjÞÞ1pi;jpn as an operator on Cn is
positive deﬁnite the function detð jðxi  xjÞÞ1pi;jpn is nonnegative. For a convenience
we set log 0  þN:
We say that the system has an interaction range RAð0;þN with R deﬁned by
R :¼ inffR0AR: jðxÞ ¼ 0 whenever jxjXR0g: ð2:9Þ
(We consider only the case R40:) Given a region LCCRd and a conﬁguration
x ¼ ðxiÞi¼1;2;yAG; we deﬁne a subset x@LCxLc of boundary particles that have the
interaction with the particles inside L as follows. In the case the interaction range
RoN; we say that a particle xiAxLc interacts with particles in the region L if
there is a ﬁnite sequence ðxj1 ;y; xjk ÞCxLc and a point xj0AL such that xjk ¼ xi
and jxjl  xjl1 joR for l ¼ 1;y; k: We deﬁne
x@L :¼ fxiAxLc : xi interacts with particles inside Lg: ð2:10Þ
In the case R  þN; we let x@L  xLc :
For any L1;L2CCRd with L1-L2 ¼ |; and ﬁnite conﬁgurations xL1 and xL2 on
L1 and L2; respectively, we deﬁne the mutual potential energy W ðJÞðxL1 ; xL2Þ by
U ðJÞðxL1,L2Þ ¼ U ðJÞðxL1Þ þ U ðJÞðxL2Þ þ W ðJÞðxL1 ; xL2Þ ð2:11Þ
if U ðJÞðxL1,L2ÞoN; and W ðJÞðxL1 ; xL2Þ ¼N if U ðJÞðxL1,L2Þ ¼N: Then for any
LCCRd ; zLAGL; and xAG; the energy of the particle conﬁguration zL in L with
boundary condition x is deﬁned by
H
ðJÞ
L ðzL; xÞ :¼ lim
DmRd
½U ðJÞðzLÞ þ W ðJÞðzL; #xD\LÞ; ð2:12Þ
where #xD\L :¼ xD\L-x@L: We let for each LCCRd
RL :¼ fxAG: det Jð#xD; #xDÞ40 for all DCCLcg; ð2:13Þ
where #xD :¼ xD-x@L: In [28], we have proven that the function HðJÞL ðzL; xÞ is well-
deﬁned having values in ðN;þN; and also for any bounded measurable function
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f : G-R; the following function is well-deﬁned:
gðJÞL ð f jxÞ :¼
1
Z
ðJÞ
L ðxÞ
P
nX0
1
n!
R
Ln exp½HðJÞL ð %xn; xÞf ð %xnxLcÞ d %xn if xARL;
0 otherwise;
(
ð2:14Þ
where we have simpliﬁed a ﬁnite conﬁguration ðx1;y; xnÞAðRdÞn by
%
xn and d
%
xn :¼
dx1?dxn denotes the Lebesgue measure on ðRdÞn; and ZðJÞL ðxÞ is the partition
function deﬁned by
Z
ðJÞ
L ðxÞ :¼
X
nX0
1
n!
Z
Ln
exp½HðJÞL ð
%
xn; xÞ d
%
xn; xARL: ð2:15Þ
With additional conditions on the operator J; it can be shown that certain FRPF’s
are Gibbs measures admitted to the speciﬁcation ðgðJÞL ðjÞÞLCCARd in (2.14). Let us
review the FRPF’s a little more concretely. It is known that any Hermitian, locally
trace class integral operator K on L2ðRdÞ satisfying 0pKpI deﬁnes a FRPF, i.e., a
probability measure on ðG;FÞ whose correlation functions are given by (1.1) (see
[14,21,26] for the details). Moreover, the system of density functions of the FRPF
corresponding to K is deﬁned as follows: for any LCCRd and ðx1;y; xnÞALn;
snLðx1;y; xnÞ ¼ detðI  KLÞ detðJ½Lðxi; xjÞÞ1pi;jpn; ð2:16Þ
where KL :¼ PLKPL; PL being the projection operator from L2ðRdÞ onto L2ðLÞ; is
the restriction of the operator K on L2ðLÞ and detðI  KLÞ is a Fredholm
determinant [24], and J½L :¼ KLðI  KLÞ1: We notice that for any operator J
satisfying the conditions in Assumption 2.1 there is a FRPF corresponding to the
operator JðI þ JÞ1 which we denote by mðJÞ: Let us call the number Jð0; 0Þ  jð0Þ
the intensity of the system. We say also that the system has an activity z40 if the
particles are distributed by mðzJÞ (see [28] for the justiﬁcation of using the terminology
‘‘activity’’). We impose further the following conditions on J:
Assumption 2.2. In addition to the conditions in Assumption 2.1, jðÞ is of ﬁnite
range, i.e., there exists 0oRoN such that
jðxÞ ¼ 0 if jxjXR: ð2:17Þ
It is not hard to see that there are many such functions jðÞ as in Assumption 2.2 (see
the appendix of [28]). The following was proven in [28] (see also [8]):
Theorem 2.3. Suppose that J is an operator satisfying the conditions in Assumption 2.2.
For dX2; assume further that the intensity jð0Þ is sufficiently small. Then the system
ðgðJÞL ÞLCCRd in (2.14) defines a Gibbsian specification w.r.t. ðRLÞLCCRd (see [16]) and
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the FRPF mðJÞ is admitted to the specification, i.e., mðJÞ is a Gibbs measure for the
interaction potential U ðJÞ given in (1.3).
Recall that the Gibbsianess of mðJÞ implies by deﬁnition the following DLR
equations: for any LCCRd and bounded measurable function f : G-R;Z
dmðJÞðxÞf ðxÞ ¼
Z
dmðJÞðxÞgðJÞL ð f jxÞ: ð2:18Þ
Remark 2.4. The smallness condition for the intensity jð0Þ in the statement of the
theorem is required for a technical reason. For a proof of Gibbsianness we needed
the following percolation property. Given a conﬁguration x ¼ ðxiÞi¼1;2;y;AG; for
each i ¼ 1; 2;y; we draw a Euclidean closed sphere Si of radius R with center xi and
consider the clusters of connected spheres. In [8], we have shown that if jð0Þ is small
enough then
mðJÞ ðthere is an infinite clusterÞ ¼ 0: ð2:19Þ
Property (2.19) was crucial for the proof of Theorem 2.3 in [28] (and also in [8]).
As a simple corollary to the above theorem, we see that if the activity z40 of the
system is sufﬁciently small, then the FRPF mðzJÞ is a Gibbs measure.
3. Construction of dirichlet forms for FRPFs
From now on we ﬁx an operator J satisfying the conditions in the statement of
Theorem 2.3 so that the FRPF mðJÞ is a Gibbs measure for the interaction potential
U ðJÞ in (1.3). (In the case that the activity z40 of the system is small enough that
mðzJÞ is a Gibbs measure, for notational simplicity, we absorb the parameter z into J
and say that mðJÞ is a Gibbs measure again.)
In order to deﬁne Dirichlet forms on the conﬁguration space we need some
notations. Here we follow [1] (see also [5,15,29]). The set of all CN-vector ﬁelds on
Rd is denoted by VðRdÞ: The subset V0ðRdÞCVðRdÞ denotes the set of all vector
ﬁelds with compact support. For any vAV0ðRdÞ we denote by the mappings
fvt :R
d-Rd ; tAR; the ﬂow of the vector ﬁeld v: For a function F : G-R; the
directional derivative along the vector ﬁeld v is deﬁned by
ðrGv FÞðxÞ :¼
d
dt
Fðjvt ðxÞÞjt¼0; ð3:1Þ
provided the r.h.s. exists. We set D ¼ CN0 ðRdÞ ( the set of all CN-functions on Rd
with compact support) and introduce FCNb ðD;GÞ as the set of all functions
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F :G-R of the form
FðxÞ ¼ gF ð/j1; xS;y;/jN ; xSÞ; xAG; ð3:2Þ
where j1;y;jNAD and gFAC
N
b ðRNÞ; the set of all CN-functions on RN with
bounded derivatives. For FAFCNb ðD;GÞ of the form (3.2) and vAV0ðRdÞ it is easy
to see that
ðrGv FÞðxÞ ¼
XN
j¼1
@gF
@sj
ð/j1; xS;y;/jN ; xSÞ/rvjj ; xS; ð3:3Þ
where rvj is the usual directional derivative of j :Rd-R along the vector ﬁeld
vAV0ðRdÞ: Recall that any conﬁguration xAG may also be understood as a Radon
measure. For each xAG; the tangent space TxðGÞ to the conﬁguration space G at the
point x is deﬁned to be the Hilbert space of measurable x-square-integrable functions
Vx :R
d-Rd with the scalar product
/V 1x ; V
2
xSTxðGÞ :¼
Z
/V1x ðxÞ; V2x ðxÞSRdxðdxÞ; V1x ; V2xATxðGÞ; ð3:4Þ
where /; SRd is the usual scalar product in Rd : The corresponding tangent bundle is
TðGÞ ¼
[
xAG
TxðGÞ: ð3:5Þ
The intrinsic gradient of a function F : G-R is the mapping
G{x/ðrGFÞðxÞATxðGÞ; ð3:6Þ
such that for any vAV0ðRdÞ
ðrGv FÞðxÞ ¼ /ðrGFÞðxÞ; vSTxðGÞ: ð3:7Þ
Here, we have also considered v as a ‘‘constant’’ vector ﬁeld on G such that vðx; xÞ :
¼ vðxÞ: It is also easy to see by (3.3) that for any FAFCNb ðD;GÞ of the form (3.2)
we have
ðrGFÞðx; xÞ ¼
XN
j¼1
@gF
@sj
ð/j1; xS;y;/jN ; xSÞrjjðxÞ; xAG; xARd : ð3:8Þ
Given a FRPF mðJÞ on G; we deﬁne the pre-Dirichlet form on L2ðG; mðJÞÞ by
EmðJÞ ðF ; GÞ :¼
1
2
Z
/rGFðxÞ;rGGðxÞSTxðGÞ dmðJÞðxÞ;
DðEmðJÞ Þ :¼FCNb ðD;GÞ: ð3:9Þ
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In Lemma 4.2, we will show the EmðJÞ is well-deﬁned. Moreover, it can be checked
that FCNb ðD;GÞ is dense in L2ðG; mðJÞÞ: In fact, it follows, e.g., from the method
used in [15, Lemma 2.4] noticing condition (A.2) of [15] is satisﬁed by the estimates in
Lemma 4.1(a) and (b) below. Recall thatN is the space of all locally ﬁnite, integer-
valued Radon measures on ðRd ;BðRdÞÞ equipped with a vague topology.
Particularly, N is a Polish space, i.e., it can be given a metric that makes it a
complete separable metric space [6]. When we consider the Borel s-algebraF (with a
slight abuse of notation) on N; G is embedded into N as a measurable subset [6],
thus we may consider mðJÞ as a measure on ðN;FÞ and identify L2ðG; mðJÞÞ with
L2ðN; mðJÞÞ; if necessary. The following theorem is a main result of this paper.
Theorem 3.1. Let J be an integral operator on L2ðRdÞ satisfying the conditions in
Theorem 2.3. Let mðJÞ be the FRPF corresponding to the operator JðI þ JÞ1: Then,
the following properties hold: (a) The pre-Dirichlet form (3.9) is closable and its closure
is a Dirichlet form.
(b) Considering the form (3.9) on L2ðN; mðJÞÞ; its closure is a local, quasi-regular
Dirichlet form. And hence there exists a diffusion process associated with it and mðJÞ is
an invariant measure for the process.
We refer to [7,13] for the general theory of Dirichlet forms and especially to [13]
for the deﬁnition of quasi-regularity.
4. Proof of closability
We start with showing that the pre-Dirichlet form (3.9) is well deﬁned. The
following is a basic estimate for FRPF’s. Lemma 4.1(a) was proven in [8, Lemmas
4.1]. The proof of Lemma 4.1(b) can be found, for instance in [21, Lemma 4.2], using
estimate (4.1).
Lemma 4.1. Let J be an operator satisfying the conditions in Assumption 2.1. Then the
following hold: (a) For any LCCRd ; there is a (continuous) version of the density
function snLðx1;y; xnÞ for mðJÞ and it satisfies the bound
snLðx1;y; xnÞpdetð jðxi  xjÞÞ1pi;jpn: ð4:1Þ
In particular, snL is a bounded function in L
n:
(b) For any LCCRd and nX0 we have
mðJÞðNLðÞ ¼ nÞp1
n!
CnL; ð4:2Þ
where CL :¼ jð0ÞjLj with jLj the volume of L:
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Lemma 4.2. The form ðEmðJÞ ;FCNb ðD;GÞÞ in (3.9) is well defined.
Proof. Let FAFCNb ðD;GÞ and suppose that F is a L-local function. Since the
Euclidean norm jrGFðx; xÞjpcF for some constant cF we have by Lemma 4.1(b)
EmðJÞ ðF ; FÞ ¼
X
nX0
1
n!
Z
Ln
snLðx1;y; xnÞ
Xn
i¼1
jrGFðx; xiÞj2dx1?dxn
p
X
nX0
1
n!
CnLnc
2
FoN: &
Recall the deﬁnition of RL in (2.13). For each LCCRd ; zLAGL; and xAG; we
deﬁne
gðJÞL ðzL; xÞ :¼
1
Z
ðJÞ
L ðxÞ
exp½HðJÞL ðzL; xÞ if xARL;
0 otherwise:
(
ð4:3Þ
Then for any bounded measurable function f : G-R; we have (see (2.14))
gðJÞL ð f jxÞ ¼
X
nX0
1
n!
Z
Ln
d
%
xng
ðJÞ
L ð
%
xn; xÞf ð
%
xnxLcÞ: ð4:4Þ
We notice that for any F ; GAFCNb ðD;GÞ the form EmðJÞ ðF ; GÞ in (3.9) can be
rewritten as
EmðJÞ ðF ; GÞ ¼
1
2
Z X
xAx
/DxFðxÞ; DxGðxÞSRd dmðJÞðxÞ; ð4:5Þ
where DxF is the ‘‘partial derivative’’ of F w.r.t. the variable x (see [10,5] for a
rigorous deﬁnition). Referring to this expression we deﬁne for each LCCRd ;
/rGLFðxÞ;rGLGðxÞS :¼
X
xAxL
/DxFðxÞ; DxGðxÞSRd ð4:6Þ
and
EmðJÞ;LðF ; GÞ :¼
1
2
Z
/rGLFðxÞ;rGLGðxÞS dmðJÞðxÞ: ð4:7Þ
Notice that EmðJÞ;L is increasing as L increases in the sense that
EmðJÞ;LðF ; FÞpEmðJÞ;DðF ; FÞ; LCDCCRd ; FAFCNb ðD;GÞ: ð4:8Þ
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Now for each LCCRd ; xAG; and nX0; we deﬁne
EnL;xðF ; GÞ :¼
1
2
Z
Ln
d
%
xn
Xn
i¼1
/Dxi Fð
%
xnxLcÞ; Dxi Gð
%
xnxLcÞSRd
1
n!
gðJÞL ð
%
xn; xÞ ð4:9Þ
and
EnmðJÞ;LðF ; GÞ :¼
Z
EnL;xðF ; GÞ dmðJÞðxÞ: ð4:10Þ
Then by the Gibbsian property (2.18) of mðJÞ we have for any F ; GAFCNb ðD;GÞ and
LCCRd ;
EmðJÞ;LðF ; GÞ
¼ 1
2
Z
dmðJÞðxÞ
X
nX0
1
n!
Z
Ln
d
%
xng
ðJÞ
L ð
%
xn; xÞ
Xn
i¼1
/Dxi Fð
%
xnxLcÞ; Dxi Gð
%
xnxLcÞSRd
¼
X
nX0
EnmðJÞ;LðF ; GÞ: ð4:11Þ
Lemma 4.3. For each LCCRd and mðJÞ-a.a. xAG; the function
%
xn/g
ðJÞ
L ð
%
xn; xÞ is
continuous on Ln:
Proof. In the sequel, we will use a simpliﬁed notation: for any ﬁnite conﬁguration
%
xn ¼ ðx1;y; xnÞ and any function Að; Þ :Rd  Rd-C; Að
%
xn;
%
xnÞ denotes the ﬁnite
matrix
Að
%
xn;
%
xnÞ :¼ ðAðxi; xjÞÞ1pi;jpn: ð4:12Þ
Let LCCRd : From bound (4.1) it follows that
mðJÞðRLÞ ¼ 1: ð4:13Þ
Suppose that xARL: Then det Jð#xD1 ; #xD1Þ40 for any bounded D1CLc; where #xD1 ¼
xD1-x@L: In [28], we have shown that for xARL
exp½HðJÞL ð
%
xn; xÞ ¼ lim
DmRd
det Jð
%
xn #xD\L;
%
xn #xD\LÞ
det Jð#xD\L; #xD\LÞ
: ð4:14Þ
In particular, the quantity inside the limit sign in the r.h.s. of (4.14) decreases as D
increases (see the proof of [28, Lemma 3.2]). We also assume that x has no inﬁnite
cluster in the sense introduced in Remark 2.4. By (2.19) such conﬁgurations charge
the full measure. Then, since the function jðÞ has ﬁnite range R40 and by the no-
existence of inﬁnite clusters of connected R-spheres for x; it is obvious that there is a
D0CCRd depending on x such that x@LCxD0\L (in particular x@L is a ﬁnite
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conﬁguration) and
exp½HðJÞL ð
%
xn; xÞ ¼
det Jð
%
xnx@L;
%
xnx@LÞ
det Jðx@L; x@LÞ
: ð4:15Þ
Since Jðx; yÞ ¼ jðx  yÞ is a continuous function, we therefore see that the function
Ln{
%
xn/exp½HðJÞL ð
%
xn; xÞ is continuous and so is the function Ln{
%
xn/
gðJÞL ð
%
xn; xÞ ¼ ZðJÞL ðxÞ1exp½HðJÞL ð
%
xn; xÞ: &
Now let
Br :¼ fxARd : jxjprg ð4:16Þ
and Bnr be the n times product of Br: We set
Gnr :¼ fxAG: xðBrÞ ¼ ng: ð4:17Þ
For r40; nX0; and xAG we let
mnr;xð
%
xnÞ :¼
1
n!
gðJÞBr ð %xn; xÞ; %xnAB
n
r : ð4:18Þ
We deﬁne a net of local pre-Dirichlet forms on L2ðBnr ; mnr;xð %xnÞ d %xnÞ:
Enr;xð f ; gÞ :¼
1
2
Z
Bnr
Xn
i¼1
/Dxi f ð
%
xnÞ; Dxi gð
%
xnÞSRd mnr;xð
%
xnÞ d
%
xn;
DðEnr;xÞ :¼ CNb ðBnr Þ: ð4:19Þ
It is not hard to see the closability of the above forms:
Lemma 4.4. For mðJÞ-a.a. xAG; the forms Enr;x above are closable for all r40 and nX0:
Proof. In [28], it was shown that for mðJÞ-a.a. xAG;
exp½HðJÞL ð
%
xn; xÞpdet Jð
%
xn;
%
xnÞ ð4:20Þ
and
1pZðJÞL ðxÞpdetðI þ JLÞ: ð4:21Þ
Thus the function mnr;xð %xnÞ is a bounded function on B
n
r : The result then follows by
Lemma 4.3 and [15, Lemma 3.2]. &
We are now ready to prove the closability of the form ðEmðJÞ ;FCNb ðD;GÞÞ:
Proof of the closability of the form ðEmðJÞ ;FCNb ðD;GÞÞ: We notice that Lemma 4.4
corresponds to [15, Proposition 4.1]. Following the exact method used in the proof of
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[15, Theorem 4] we prove the closability of ðEnmðJÞ;Br ;FCNb ðD;GÞÞ deﬁned in (4.10).
By (4.5), (4.7), and (4.11), we see that
EmðJÞ ¼ lim
r-N
lim
m-N
Xm
n¼0
EnmðJÞ;Br : ð4:22Þ
In particular, EmðJÞ is an increasing limit of closable forms in the sense of [25].
We use Simon’s monotone convergence theorem for forms to conclude the
closability of EmðJÞ [25]. &
Proof of Theorem 3.1. (a) The closability is proven above. The Markovian property
follows easily from the chain rule.
(b) The quasi-regularity is proven in the appendix. Notice that ðEmðJÞ ; DðEmðJÞ ÞÞ is
so called a square ﬁeld operator type Dirichlet form. The proof of the locality can be
found in [2, Corollary 5.1] or [29, Theorem 1 (i)]. The invariance of the measure mðJÞ
follows because the constant function 1AFCNb ðD;GÞ and EmðJÞ ð1; 1Þ ¼ 0; and hence
we have
Tt1 ¼ 1; 8tX0; ð4:23Þ
where ðTtÞtX0 is the associated semigroup to the Dirichlet form. The proof is
complete. &
Remark 4.5. In this remark we give the Dirichlet operator, i.e., the generator of the
Dirichlet form constructed in Theorem 3.1(a) in an informal level. We assume
jðÞAC1ðRdÞ (this is guaranteed if we assume e.g., R
Rd
jtjrðtÞ dtoN (see (2.8))).
For each x ¼ ðx1; x2;yÞAG; we deﬁne bðxÞATxðGÞ; the tangent space at the point
xAG; by
bðxÞ ¼ ðbkðxÞÞk¼1;2;y  ðbðx; xkÞÞxkAx;
bkðxÞ :¼ lim
DmRd
Dxk det JðxD; xDÞ
det JðxD; xDÞ
¼ lim
DmRd
TrðJðxD; xDÞ1Dxk JðxD; xDÞÞ; ð4:24Þ
whenever the limit exists. Notice that Dxk det JðxD; xDÞ ¼ 0 if det JðxD; xDÞ ¼ 0
ðxkAxDÞ since det JðxD; xDÞX0: In that case we set bkðxÞ  0: Furthermore, since
there are no inﬁnite clusters in the sense of Remark 2.4 for the conﬁgurations on a set
of full measure, we see that bðxÞ is well deﬁned mðJÞ-a.e. Now we deﬁne for each
GAFCNb ðD;GÞ; a function HmðJÞGðxÞ by
HmðJÞGðxÞ :¼ 
1
2
X
xkAx
D2xk GðxÞ 
1
2
X
xkAx
/Dxk GðxÞ; bkðxÞSRd : ð4:25Þ
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By using the DLR equation (2.18) and integration by parts formula, it is easy to
check that
EmðJÞ ðF ; GÞ ¼
Z
FðxÞHmðJÞGðxÞ dmðJÞðxÞ; F ; GAFCNb ðD;GÞ: ð4:26Þ
On the other hand, to the closure ðEmðJÞ ; DðEmðJÞ ÞÞ of ðEmðJÞ ;FCNb ðD;GÞÞ; there
corresponds a self-adjoint operator eHmðJÞ with Dð eHmðJÞ ÞCDðEmðJÞ Þ such that
EmðJÞ ðF ; GÞ ¼ ðF ; eHmðJÞGÞL2ðG;mðJÞÞ; FADðEmðJÞ Þ; GADð eHmðJÞ Þ: ð4:27Þ
If it were the case that HmðJÞGAL
2ðG; mðJÞÞ; then necessarily Dð eHmðJÞ Þ*FCNb ðD;GÞ
and HmðJÞG ¼ eHmðJÞG for GAFCNb ðD;GÞ: But I do not know how to prove it. (Of
course, if this is proved a priori, the closability of the original form
ðEmðJÞ ;FCNb ðD;GÞÞ follows.) If we could prove FCNb ðD;GÞCDð eHmðJÞ Þ; the
generator  eHmðJÞ of ðEmðJÞ ; DðEmðJÞ ÞÞ is represented by (4.25) (with 1 multiplied)
onFCNb ðD;GÞ and bðxÞ in (4.24) is a drift term of the diffusion process constructed
in Theorem 3.1(b).
Acknowledgments
The author is indebted to Prof. M. Ro¨ckner for pointing out the gaps in the ﬁrst
version. He thanks Prof. H. Osada for fruitful discussions. He also thanks Prof. T.
Shiga for warm hospitality during the stay at Tokyo Institute of Technology. This work
was partially supported by Japan Society for the Promotion of Science, Research
Fellowships, and by Korea Research Foundation Grant (KRF-2002-015-CP0038).
Appendix A. Proof of quasi-regularity
For the proof of quasi-regularity we adopt the method developed in [29]. By a
crucial use of the estimate for superstable interactions, the method is applicable in
showing the quasi-regularity of Dirichlet forms for Gibbs measures of superstable
interactions of Ruelle-type [18,19]. Fortunately, we can substitute a superstable
estimate (see condition (D3) of Assumption 1 of [29]) by an estimate for FRPF’s
stated in Lemma 4.1(b). The method used in [29] in turn applies the general theory
originated from [17]. To apply it we regard mðJÞ as a measure on the spaceN of all
locally ﬁnite, integer-valued Radon measures on ðRd ;BðRdÞÞ equipped with a vague
topology. Recall that G is a measurable subset of N: We let ðEmðJÞ ; DðEmðJÞ ÞÞ the
closure of the form ðEmðJÞ ;FCNb ðD;GÞÞ in (3.9) and we consider ðEmðJÞ ; DðEmðJÞ ÞÞ as a
Dirichlet form on L2ðN; mðJÞÞ:
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Proof of the quasi-regularity of ðEmðJÞ ; DðEmðJÞ ÞÞ: First we notice that the functions
uðxÞ :¼ 1 exp½jy/l; xSj; lACN0 ðRdÞ; yAR; ðA:1Þ
belong to the domain DðEmðJÞ Þ: This was shown in [29] for the Gibbsian case of
superstable interactions by using the superstable estimates. Here Lemma 4.1(b)
sufﬁces to replace the needed estimates (see [29, 2.14]). As was done in [29], we will
apply Theorem 3.4 of [17] to show the quasi regularity of ðEmðJÞ ; DðEmðJÞ ÞÞ: For that
purpose it remains to show the following (see [17, Theorem 3.4] or the last paragraph
in [29, p. 278]): for some countable dense set fzi: iX1g inN; there exists a countable
collection fuij : iX1; jX1g of functions in DðEmðJÞ Þ satisfying
sup
i;j
Gðuij ; uijÞAL1ðN; mðJÞÞ ðA:2Þ
and
r1ðx; ziÞ ¼ sup
j
uijðxÞ; EmðJÞ -q:e: xAN; 8i ¼ 1; 2;y; ðA:3Þ
where
Gðu; vÞðxÞ :¼
X
xiAx
/Dxi uðxÞ; Dxi vðxÞSRd ðA:4Þ
and r1 is some bounded metric onN that is uniformly equivalent to the metric r by
which ðN; rÞ is an equivalent topological space as vague one and becomes a
complete separable metric space. Such a metric r1 was constructed in [29] in the
following way. Let C be a countable open base in Rd ; and for every cAC take a
sequence lc1 ; lc2 ;y;AC
N
0 ðRdÞ such that lcnðxÞm1cðxÞ; the characteristic function of
the set c: Enumerate all the lcn ; cnAC; and denote this by l1; l2;y: Assume also that
the enumeration satisﬁes[
kpj
supp ½lkCfxARd : jxjpjg; j ¼ 1; 2;y: ðA:5Þ
Then the desired metric is deﬁned by
r1ðx; x0Þ :¼ sup
j
2j 1 exp j/lj; xS/lj; x
0Sj
%lj 0
 	
 
; ðA:6Þ
where %lj
0 ¼ supfj @@xq ljðxÞj: xARd ; q ¼ 1;y; dg: Let z1; z2;y be a countable dense
sequence of N; and deﬁne
uijðxÞ :¼ 2j 1 exp j/lj ; ziS/lj ; xSj
%lj 0
 	
 
: ðA:7Þ
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Then by (A.1)
uijADðEmðJÞ Þ ðA:8Þ
and
r1ðx; ziÞ ¼ sup
j
uijðxÞ; 8xAN; i ¼ 1; 2;y: ðA:9Þ
Let for each r  ðr1;y; rdÞAZd ;
Cr :¼
Yd
l¼1
rl  1
2
; rl þ 1
2
 
ðA:10Þ
be the unit cube centered at r and
nðrÞðxÞ :¼ NCrðxÞ ðA:11Þ
the number of particles of the conﬁguration inside the cube Cr: Deﬁne for each
N ¼ 1; 2;y;
SN :¼ xAN: 8l;
X
jrjpl
nðrÞðxÞpNjLðlÞj2
8<:
9=;; ðA:12Þ
where jLðlÞj :¼ ð2l þ 1Þd : Then SN is increasing and by Chebyshev’s inequality,
Schwarz inequality, and Lemma 4.1(b), we get
mðJÞðScNÞp
XN
l¼1
mðJÞ
X
jrjpl
nðrÞ4NjLðlÞj2
0@ 1A
pN4
XN
l¼1
jLðlÞj8mðJÞ
X
jrjpl
nðrÞ
0@ 1A424 35
pN4
XN
l¼1
jLðlÞj8jLðlÞj3mðJÞ
X
jrjpl
nðrÞ4
24 35
pN4
XN
l¼1
jLðlÞj4
XN
n¼1
CnL1
1
n!
n4
pCN4; ðA:13Þ
where L1 is any unit cube. Therefore we have
mðJÞð
[
N
SNÞ ¼ 1: ðA:14Þ
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For any xASN ; since supp lj lies inside the ball with radius j centered at the origin, it
is easy to check that
Gðuij; uijÞðxÞp4jdNjLð jÞj2pMdN; 8i; j ¼ 1; 2;y: ðA:15Þ
Therefore by (A.13) and (A.14)Z
N
sup
i;j
Gðuij ; uijÞðxÞ dmðJÞðxÞ
pMdN0 þ Md
XN
k¼1
ðN0 þ kÞmðJÞðSN0þk\SN0þk1Þ
pMdN0 þ Md
XN
k¼1
ðN0 þ kÞCðN0 þ k  1Þ4
oN:
This completes the proof. &
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